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A surface-renewal model for constant flux cross-flow microfiltration
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ABSTRACT: A mathematical model using classical cake-filtration theory and the surface-renewal concept is formulated for describing

constant flux, cross-flow microfiltration (CFMF). The model provides explicit analytical expressions for the transmembrane pressure

drop (TMP) and cake-mass buildup on the membrane surface as a function of filtration time. The basic parameters of the model are

the membrane resistance, specific cake resistance, and rate of surface renewal. The surface-renewal model has two forms: the complete

model, which accounts for cake compressibility; and a subsidiary model for incompressible cakes, which can be derived from the

complete model. The subsidiary model is correlated against some of the experimental TMP data reported by Miller et al. (J Mem-

brane Sci 2014, 452, 171) for constant flux CFMF of a soybean-oil emulsion in a cross-flow filtration cell having unmodified and

surface-modified, fouling-resistant membranes, and has an average root-mean-square (RMS) error of 6.2%. The complete model is

fitted to the experimental TMP data reported by Ho and Zydney (J Membrane Sci, 2002, 209, 363) for constant flux microfiltration

of a bovine serum albumin solution in a stirred cell using polycarbonate track-etched membranes and has an average RMS error of

11.5%. This model is also correlated against the TMP data of Kovalsky et al. (J Membrane Sci 2009, 344, 204) for constant flux yeast

filtration in a stirred cell (average RMS error 5 9.2%). VC 2014 Wiley Periodicals, Inc. J. Appl. Polym. Sci. 2015, 132, 41778.
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INTRODUCTION

Cross-flow membrane filtration technology has come into wide

use in the chemical and biotech industries globally, and it is

also becoming common in wastewater treatment. In cross-flow

filtration, an incoming feed solution or suspension passes over

the surface of a membrane with the permeate flow being that

portion of the liquid that passes through the membrane in a

direction perpendicular to the direction of the main flow. The

permeate flux depends upon the membrane characteristics, fluid

velocity, viscosity, dissolved/suspended solids concentration,

transmembrane pressure drop, temperature, and membrane

fouling. For a constant transmembrane pressure drop (TMP),

the permeation flux declines with the progress of process time

due to fouling of the membrane by pore blocking, concentra-

tion polarization, and cake buildup on its surface.

The surface-renewal concept has been used to theoretically

model constant pressure, cross-flow microfiltration (CFMF) and

ultrafiltration by a number of workers.1–9 Compared to the film

and boundary-layer models of cross-flow membrane filtration,

the surface-renewal model has the potential to more realistically

describe the transfer of dissolved/suspended solids due to ran-

dom hydrodynamic impulses generated at the membrane–liquid

interface, e.g., due to membrane roughness or by the use of

spacers or turbulence promoters.

The majority of work reported in the literature on cross-flow

membrane filtration is for constant TMP operation with only a

few studies being available for constant flux conditions. Two

examples of the latter are the papers of Ho and Zydney10 and

Kovalsky et al.11 who presented numerical models for CFMF

under constant flux conditions. However, these models do not

explicitly include the effect of flow instability, generated by the

axial flow of liquid over the membrane surface, on membrane

performance (i.e., TMP), although the combined pore-blockage,

cake-filtration model of Ho and Zydney10 contains a parameter

f (not to be confused with the age-distribution function f of

surface elements to be discussed later), which, according to

these authors, “can also account for the reduction in protein

deposition due to any back-flux phenomena, including the

effects of crossflow and any long-range electrostatic

interactions.”

Since the constant flux mode of operation is becoming increas-

ingly more common, in this work, a mathematical model for

VC 2014 Wiley Periodicals, Inc.
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constant flux CFMF is developed that uses the surface-renewal

concept through which the effect of flow instability on mem-

brane performance is taken into account. The surface-renewal

model presented herein, which provides explicit analytical

expressions for the TMP and cake-mass buildup on the mem-

brane surface as a function of filtration or process time (unlike

the models of Ho and Zydney10 and Kovalsky et al.11), has two

versions: the complete model, which includes the effects of cake

compressibility; and a subsidiary model valid for incompressible

cakes, which can be derived from the complete model. The sub-

sidiary model is correlated against some of the experimental

TMP versus process time data reported recently by Miller

et al.12 for constant flux CFMF of a soybean-oil emulsion in a

cross-flow cell having unmodified and surface-modified, foul-

ing-resistant membranes. The complete model is fitted to the

experimental TMP data of Ho and Zydney10 for constant flux

microfiltration of a bovine serum albumin (BSA) solution in a

stirred cell using polycarbonate, track-etched membranes and

also to the TMP data of Kovalsky et al.11 for constant flux yeast

filtration in a stirred cell.

SURFACE-RENEWAL MODEL

In the surface-renewal model (see Hasan et al.8), it is postulated

that the dominant fouling mechanism responsible for permeate-

flux decline is cake formation with pore blocking occurring

only during the initial moments of filtration and which effect, if

important, can be incorporated into the membrane resistance

Rm. Flow instabilities are assumed to constantly bring fresh liq-

uid elements from the bulk liquid to the membrane-liquid

interface. A liquid element resides at the membrane surface for

a certain amount of time after which it departs and re-mixes

with the bulk liquid. Above the surface elements, the liquid is

assumed to be well mixed and where the concentration of solids

is held constant due to a high rate of transport (because of flow

instability) from this location to the bulk liquid. Gradually, a

cake layer builds up on the membrane wall which causes an

increase in the TMP with process time under constant flux con-

ditions. To model this process, which is the chief objective of

this article, it is assumed that during the residence time t of a

liquid element at the membrane surface, TMP buildup within it

can be described by classical cake-filtration theory.13 From this

theory, the pressure drop Dpc across the cake in a surface ele-

ment with a residence time of t can be expressed as:13

Dpcð Þ12n
5Kr t (1)

where

Kr5 lJ 2cba0 (2)

In the above, J 5 constant permeate flux, m5 viscosity of the fil-

trate, and cb 5 mass of solids deposited on the membrane sur-

face per unit volume of filtrate passing through it

(approximately equal to the bulk or feed concentration of sol-

ids), which is assumed to be constant. The two compressibility

parameters of the cake a0 and n are empirical constants with n

being the compressibility coefficient of the cake, which is zero

for incompressible sludges, and lies between 0.2 and 0.8 for

compressible ones.13 They are related to the specific cake resist-

ance a through the empirical equation:

a5a0Dpn (3)

where Dp is the (total) TMP in a surface element that is given

by:

Dp5Dpc1Dpm (4)

Here, Dpm is the pressure drop across the membrane, which can

be expressed as:

Dpm5lJRm (5)

where, as mentioned earlier, Rm is the membrane resistance.

The mass mc of solids accumulated in the liquid element per

unit area of the membrane surface during the time period of t

is given by:

mc tð Þ5Jcbt (6)

The surface of the membrane at a given value of the process

time tp during the filtration is visualized as being populated by

a mosaic of liquid elements that have ages in the time interval

of zero to tp. If we denote the age-distribution or residence-

time distribution (i.e., RTD) function of the surface elements by

f (t, tp), the age-averaged cake pressure drop Dpc,a and age-

averaged cake mass mc,a accumulated per unit area of the mem-

brane surface at process time tp may be written as:

Dpc;a tp

� �
5

ðtp

0

Dpc tð Þf t ; tp

� �
dt (7)

and

mc;a tp

� �
5

ðtp

0

mc tð Þf t ; tp

� �
dt (8)

In eq. (7), the cake pressure drop Dpc in an individual surface

element is treated as an “information content” or “stress level”

of the element. Thus, at given values of the process time tp and

the imposed, constant permeate flux J, an older element will

require a greater Dpc compared to a younger element as can be

seen from eq. (1).

As demonstrated by Zhang and Chatterjee,9 using different

speculative hypotheses about the behavior of liquid elements on

the membrane surface, which correspond to different startup

conditions, different RTD functions [i.e., f(t, tp)] can be derived.

These can then be used in eqs. (7) and (8) to develop expres-

sions for the age-averaged pressure drop across the cake and

cake-mass buildup. In this study, the Danckwerts distribution

function14 will be used to represent the ages of surface ele-

ments,2,8,9 i.e.,

f t ; tp

� �
5

Se2St

12e2Stp
(9)

where S (assumed to be constant) is the rate of renewal of liq-

uid elements at the membrane surface and is a hydrodynamic

parameter. It increases with velocity of the main flow1–3 and

can also be looked upon as a “scouring” term that represents

the removal of deposited material from the membrane wall,5

which will depend upon the level of flow instability. From

dimensional considerations, Hasan et al.8 have proposed a cor-

relation for S as a function of the diameter of the membrane
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channel, axial flow velocity, relative roughness of the membrane

wall, and viscosity and density of the feed suspension.

Complete Model:

From eqs. (1–9) it can be shown that:

Dpa tp

� �
5Dpc;a tp

� �
1Dpm5

K p21
r S12p

12 e2Stp
C pð Þ2C p; Stp

� �� �
1lJRm

(10)

and

mc;a tp

� �
5Jcb

1

S
2

tp

eStp 21

� �
(11)

where Dpa is the (total) TMP at process time tp. C(x, y) is the

extended Euler gamma function defined by:

C x; yð Þ5
ð1
y

kx21e2kdk (12)

and

p5
22n

12n
(13)

As mentioned previously, n generally lies between 0.2 and 0.8

and thus p is expected to be a positive quantity. The first term

on the right-hand side of eq. (10), which increases with process

time, is the contribution of cake buildup to the TMP while the

second term, which remains constant, is that contributed by the

membrane. It is to be noted from eq. (11) that the transient

cake mass mc,a is independent of the compressibility parameter

a0 and viscosity l of the permeate, and is only governed by the

feed concentration cb, permeate flux J, and surface-renewal rate

S. Equation (10) contains the possibility of an inflection point

occurring in the theoretical TMP profile, i.e., at a certain value

of tp, d2Dpa=dt2
p 50.

We now examine the behavior of eqs. (10) and (11) as Stp ! 0,

i.e., as S ! 0 (low flow instability) or as tp ! 0 (near the start

of filtration). If one takes the limit of these expressions as Stp

! 0 (using L’Hôpital’s rule), they give Dpa Stp ! 0
� �

5lJRm

and mc;a Stp ! 0
� �

50, which are in accord with physical intu-

ition. However, this method does not yield the time-dependent

behavior of these quantities near Stp 5 0, which can be deduced

by means of the following procedure:

Differentiating eq. (10) with respect to tp gives:

dDpa

dtp

5 K p21
r S22pe2Stp

Stp

� �p21
12e2Stpð Þ1C p; Stp

� �
2C pð Þ

12e2Stpð Þ2

" #

(14)

from which it follows that as Stp ! 0:

dDpa

dtp

Stp ! 0
� �

5K p21
r t p22

p (15)

Upon integrating eq. (15), the following equation is obtained:

Dpa Stp ! 0
� �

5
K p21

r

p21
t p21
p 1Dpm (16)

For an incompressible cake, n 5 0 and thus p 5 2 from eq. (13).

As n varies from 0 to 0.8 (i.e., as cake compressibility increases),

p increases from 2 to 6.

Variation of TMP with Process Time. At a fixed value of Kr,

eq. (15) indicates that the rate of change of the TMP with pro-

cess or filtration time will be proportional to t
p22
p for tp ! 0 or

S ! 0. Also, according to eq. (16), during the initial moments

of filtration or for low levels of flow instability, the TMP will

vary with the process time raised to a power of p – 1. Thus for

p 5 2 (incompressible cake), the TMP will increase linearly with

process time as Stp ! 0, whereas for p 5 6 (a highly compressi-

ble cake) it will increase as the fifth power of process time near

the beginning of filtration or for low levels of flow instability,

thus exhibiting very sharp concavity with respect to the process

time (i.e., horizontal) axis.

Variation of TMP with Permeate Flux. It can be observed

from eq. (2) that Kr is proportional to the square of the perme-

ate flux J. The rate of TMP increase with process time is pro-

portional to J 2 p21ð Þ for tp ! 0 or S ! 0, as can be inferred

from eq. (15). Thus, as p changes from 2 to 6, (i.e., as the cake

becomes more compressible), this rate will change proportion-

ately as J 2 to J 10 for Stp ! 0, drastically increasing the concav-

ity of the TMP versus process time profile.

The previous discussions indicates the extreme sensitivity of the

shape of the TMP profile on the cake compressibility parameter

n and permeate flux J during the initial moments of filtration

or for low levels of flow instability. Such concave-type experi-

mental TMP curves and the influence of permeate flux on the

shape of the TMP profile can be observed in the data reported

by Ho and Zydney10 and Kovalsky et al.11 for constant flux

microfiltration; these data will be discussed later.

Differentiating eq. (11) with respect to tp yields:

dmc;a

dtp

5Jcb

eStp Stp21
� �

11

eStp 21ð Þ2

" #
(17)

from which it follows that as Stp ! 0:

dmc;a

dtp

Stp ! 0
� �

5Jcb (18)

that is

mc;a Stp ! 0
� �

5Jcbtp (19)

Thus, according to eq. (19), the mass of cake on the mem-

brane surface will increase linearly with process time as tp ! 0

or S ! 0.

It can be observed from eqs. (16) and (19) that during the early

moments of filtration or for low levels of flow instability, the

TMP and mass of cake accumulated on the membrane surface

are independent of the surface-renewal rate S, which does not

appear in these equations. The absence of S is a consequence of

the Danckwerts age distribution [eq. (9)] that was used in our

analysis; this distribution approaches a uniform distribution as

Stp ! 0.

As tp !1, eqs. (10) and (11) reduce to:

Dpa tp !1
� �

5Dplim5
Kr

S

� �p21

C pð Þ1lJRm (20)

and
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mc;a tp !1
� �

5mc;lim5
Jcb

S
(21)

where Dplim is the limiting or steady-state TMP and mc;lim is

the mass of cake accumulated per unit area of the membrane

surface when steady state is attained. According to eqs. (20) and

(21), both the limiting TMP and the accumulated mass of cake

decrease as the level of flow instability, expressed by the magni-

tude of S, increases.

As Stp !1, it can be shown from eqs. (14) and (17) that:

dDpa

dtp

Stp !1
� �

50 (22)

and

dDmc;a

dtp

Stp !1
� �

50 (23)

Thus as Stp !1, the TMP and cake mass profiles will level

out. This flattening of the profiles will occur earlier in the pro-

cess for large values of S, i.e., there will be a quicker approach

to steady state.

In principle, the four parameters of the complete model (Rm,

a0, n, and S) can be estimated by the following procedure. The

membrane resistance Rm can be calculated from the equation:

Rm5
1

lP
(24)

where P is the pure-water permeance of the membrane, or it

can be estimated from the experimental TMP value at the

beginning of filtration. These two values of Rm should be very

close if the (initial) pore blocking of the membrane is negligible.

For a finite level of flow instability, plotting eq. (16) on loga-

rithmic coordinates using initial experimental TMP versus pro-

cess time data will allow the parameter p, and thus n to be

estimated [see eq. (13)]. Different values of S are now guessed

and ln Dpa tp

� �
2lJRm

� �
is plotted against ln C pð Þ2C p; Stp

� �� 	
=

�
12 e2Stpð Þ� using experimental TMP versus process time data

[see eq. (10)]. The value of S which yields a magnitude of 1 for

the average slope of the plot is the correct value of S. Kr can

then be calculated from the intercept of this plot [see eq. (10)]

after which a0 can be determined from eq. (2). If the level of

flow instability is low, eq. (16) will hold for all values of the

process time tp. In this case, Kr and p (and thus n) can be deter-

mined from the intercept and slope of the experimental TMP

data plotted on logarithmic coordinates [see eq. (16)] after

which a0 can be calculated from eq. (2).

Subsidiary Model: Incompressible Cake (n 5 0)

For n 5 0 (i.e., p 5 2), eq. (10) reduces to:

Dpa tp

� �
5Dpc;a tp

� �
1Dpm5Kr

1

S
2

tp

eStp 21

� �
1lJRm (25)

In the derivation of eq. (25), the following relations have been

used:

C 2ð Þ51 (26)

and

C 2; Stp

� �
5 11Stp

� �
e2Stp (27)

Equation (27) is a special case of the formula:15

C m; yð Þ5C mð Þ 11y1
y2

2!
1 . . .

ym21

m21ð Þ!


 �
e2y (28)

where m is a positive integer.

Substituting n 5 0 (i.e., p 5 2) into eqs. (16) and (20) yield:

Dpa Stp ! 0
� �

5Kr tp1Dpm (29)

and

Dpa tp !1
� �

5Dplim5
Kr

S
1lJRm (30)

According to eq. (29), Kr is the slope of the TMP versus process

time curve during the initial moments of filtration or for small

levels of flow instability. The greater the values of l, cb, J, and

a0, the greater is the slope. Since Kr is proportional to J 2 [eq.

(2)], the TMP will increase as the square of the permeate flux

near tp 5 0 or as S ! 0. For example, an increase in J by a fac-

tor of two will increase the slope by a factor of four. Equation

(29) also shows that the TMP will increase linearly with process

time during the early stages of filtration or for low levels of

flow instability (as mentioned previously).

The growth in the mass of cake with process time is given by

eq. (11) while it’s limiting behavior as Stp ! 0 or as tp !1 is

given by eq. (19) or (21).

The three parameters of the subsidiary model (Rm, a0, and S)

can be determined by the following procedure. The membrane

resistance Rm can be calculated as for the complete model. For

an assumed value of the surface-renewal rate S, Kr can be esti-

mated using eq. (30) and the experimental value of Dplim. These

values of S and Kr are then substituted into eq. (25) and its fit

to the experimental, transient TMP data is examined. This pro-

cedure is repeated for different (assumed) values of S until the

root-mean-square (RMS) deviation between the theoretical and

experimental TMP is a minimum. At the end of this process,

the “best” value of S will have been found after which a0 can be

calculated from eq. (2). If a value of Dplim is not available (e.g.,

the experiment did not either reach steady state or was termi-

nated before steady state was attained), Kr may be estimated by

fitting eq. (29) to initial, experimental TMP versus process time

data after which optimum values of S and a0 can be determined

as indicated earlier. However, this (extrapolation) method of

extracting Kr from initial TMP data may result in discrepancy

between theory and experiment at large tp.

The shape of the experimental TMP curve with process time

will determine whether the complete model or the subsidiary

model should be used. For convex-shaped TMP profiles that

approach a plateau with the progress of process time, the sub-

sidiary model should be adequate. If the TMP profile is initially

concave and then becomes convex with the progress of process

time, and subsequently levels out, the complete model is appli-

cable, which should also be used if the TMP profile is concave

for all values of the process time.

RESULTS AND DISCUSSION

As indicated earlier, Miller et al.12 evaluated the use of unmodi-

fied and surface-modified membranes for constant flux CFMF.

The reader is referred to their work for a detailed description of
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the materials used and experimental conditions and procedures,

a very brief overview of which is provided in the following two

paragraphs. A schematic of their constant flux CFMF system is

also available in their paper.

The base (i.e., unmodified) ultra filtration (UF) membrane

material was (hydrophobic) polysulfone and came in molecular

weight cutoffs of 10 and 20 kDa—these membranes were desig-

nated as PS-10 and PS-20, respectively. Two additional hydro-

philic, surface-modified membranes were produced from PS-20,

which were named PDA-modified and PDA75-modified. Poly-

ethylene glycol (PEG) was grafted onto the surface of some of

the PDA-modified sheets; such membranes were referred to as

PDA-g-PEG-modified. The chief goal of such surface modifica-

tion was to produce a hydrophilic surface on the base hydropho-

bic membrane for attracting water molecules that would act as a

buffer between hydrophobic foulants and the membrane surface,

thereby restricting their adsorption on it and also within the

membrane pores. The steric hindrances offered by long PEG

chains that extend from the membrane surface are also believed

to further lessen the interaction between the surface and poten-

tial foulants. The pure-water permeance P (measured by dead-

end filtration) and estimated pore radius of the unmodified,

PDA-modified, and PDA-g-PEG-modified PS-20 membranes are

shown in Table I, which also reports the P-value of the unmodi-

fied PS-10 membrane. It can be seen from this table that surface

modification decreased the pure-water permeance of the PDA-

modified and PDA-g-PEG-modified membranes by 22 and 37%,

respectively, and also reduced the effective pore radius compared

to the unmodified (PS-20) membrane.

The feed solution consisted of a 1500 ppm (1.5 kg/m3) emulsion

of soybean oil in water that had an average oil droplet size of

1.4 mm, with nearly all droplets lying in the size range of

0.823.0 mm. Thus, the average droplet size was two orders of

magnitude greater than the effective pore radius of the unmodi-

fied (PS-20) membrane. The feed temperature was 25�C for all

fouling experiments and the feed axial velocity was 0.18 m/s

(Reynolds number 5 1000). The feed pressure was 2.1 barg (30

psig), which was maintained constant, and permeate and reten-

tate were recycled back to the feed tanks. The membrane filtra-

tion area was 19.4 cm2. The permeate flux was controlled at a

constant rate by means of feedback control of a peristaltic pump

installed on the permeate line. As the membrane fouled during

an experimental run, the pressure on the permeate side of the

membrane decreased, causing the TMP to increase. In cases of

severe fouling, the pressure on the permeate side decreased to

atmospheric pressure and the experiment was terminated. Mem-

brane rejections was calculated by measuring the TOC (total

organic carbon) content of the feed and permeate solutions. The

membrane rejection values were quite high and were in the

range of 96.5–99.1% with most them lying above 98%. Five con-

stant flux levels were used in the experiments: 25, 40, 55, 70, 85,

and 100 LMH (L/m2/h). A brief summary of the experimental

parameters of Miller et al.12 is provided in Table II.

As indicated earlier, the feed suspension used by Miller et al.12

contained soybean-oil droplets whose average size (1.4 mm) was

much larger than the effective pore radius of the unmodified

(PS-20) membrane (4.2 nm). Also, as mentioned before, surface

modification further reduced the pore size. It therefore can be

conjectured that there was minimal or negligible pore blockage

of the membranes in their experiments unless there was signifi-

cant droplet breakage into much finer sizes or droplet deforma-

tion due to shearing forces and the applied TMP, and

subsequent penetration into the pores of the membrane, espe-

cially at high permeate fluxes. That is, it can be postulated that

the primary reason for the increase in TMP with process time

observed in their experiments was cake formation on the mem-

brane surface. It was therefore assumed that the membrane

resistance Rm could be calculated from eq. (24) using values of

the (average) membrane pure-water permeance P reported by

Miller et al.12 (see Table I) and using an estimated value of 8.98

3 1024 kg/m/s for the viscosity of water at 25�C (McCabe

et al.13). This value was also used for the viscosity of the filtrate

in the calculations. Values of Rm for the three membranes are

reported in Table III. Also, Miller et al.12 state that “. . .all of the

fouling experiments started, to good approximation, essentially

instantaneously at a V/A value of zero.” Here V/A is the ratio of

the total or cumulative volume of permeate at process time tp

to the filtration area and is a measure of process time, which

Table I. Membrane Characteristics of Miller et al.12

Membrane

Pure water
permeance
(LMH bar21)

Effective
pore radius
(nm)

Unmodified
(PS-20)

900 6 200 4.2

PDA-modified
(PS-20)

700 6 100 3.7

PDA-g-PEG-modified
(PS-20)

570 6 70 3.3

PDA75-modified (PS-20) 570 2

Unmodified (PS-10) 570 2

Table II. Experimental Parameters of Miller et al.12

Parameter Description or value

Base membrane type UF polysulfone with
molecular weight cutoffs of
10 and 20 kDa

Type of feed
suspension

Soybean-oil emulsion in water

Droplet average size
in feed suspension

1.4 mm

Feed concentration 1.5 kg/m3

Feed pressure 2.1 barg (30 psig)

Membrane filtration
area

19.4 cm2

Feed axial velocity 0.18 m/s (Reynolds number 5 1000)

Experimental
temperature

25�C

Constant flux levels 25, 40, 55, 70, 85, and 100
LMH (L/m2/h)
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can be obtained by dividing this ratio (reported by Miller

et al.12 in cm) by the permeate flux.

Figure 1 shows the fit of the subsidiary model [eq. (25)] to the

TMP data extracted from Figure 2(a) of Miller et al.12 for con-

stant flux CFMF runs of soybean-oil emulsion with the three

membranes mentioned earlier at a permeate flux of 55 LMH

(J 5 1.528 3 1025 m/s). It is observed that: (1) For all the

membranes, the experimental TMP curve increases with process

time rapidly at first and then at an extremely slow rate, and

eventually approaches a plateau (i.e., steady state) as mentioned

by Miller et al.12, i.e., it is convex shaped. [In fitting the model

to the data, it was assumed that the last experimental TMP

value shown in the figure (at V/A � 3.9 cm) was equal to Dplim,

i.e., the limiting or steady-state TMP in the model.] (2) The

theoretical TMP curves begin at different levels of Dpm [pressure

drop across the membrane; calculated from eq. (5)] because of

different values of the pure-water permeance P of the mem-

branes (Table I). (3) The unmodified (PS-20) membrane has

the lowest TMP whereas the PDA-g-PEG-modified membrane

has the highest, with that for the PDA-modified membrane

being intermediate. (4) The unmodified (PS-20) and PDA-

modified membranes have flatter TMP profiles compared to the

PDA-g-PEG-modified membrane and show a faster approach to

steady state. (5) There is a good fit of the model [eq. (25)] to

the experimental TMP data for the unmodified membrane

while it is inferior in case of the modified membranes.

For the unmodified (PS-20) membrane, the average RMS devia-

tion between the theoretical and experimental TMP is 2.9% with

the surface-renewal rate S being estimated at 4.2 3 1023 s21,

which is comparable to values of S reported elsewhere for cross-

flow ultrafiltration and microfiltration.2,6,8 The compressibility

parameter a0 (i.e., specific cake resistance at a unit value of

TMP), which measures the resistance offered by the accumulated

material on the membrane surface to the flow of permeate and

which depends on the packing density and nature of the cake, is

estimated to be 9.07 3 1013 m/kg, while the limiting or steady-

state cake mass mc;lim, calculated from eq. (21), is found to be

5.46 3 1023 kg/m2. If this value is multiplied by the membrane

filtration area (19.4 cm2), the total mass of accumulated solids

on the membrane surface is calculated as 10.6 mg at steady-

state. For the PDA-modified membrane the values are as follows:

S 5 8.5 3 1023/s, a0 5 2.53 3 1014 m/kg, and mc;lim 5 2.7 3

1023 kg/m2. The mass of solids on the membrane surface at

steady state 5 5.2 mg, while the RMS error of fit between theory

and experiment 5 5.8%, which is higher than the value of 2.9%

obtained for the unmodified membrane. For the PDA-g-PEG-

modified membrane, S 5 5.7 3 1023/s, a0 5 4.23 3 1014 m/kg,

and mc;lim 5 4 3 1023 kg/m2. The limiting mass of solids on the

membrane surface 5 7.8 mg and RMS error 5 6.8%. For the

benefit of the reader, values of the above model parameters,

Figure 1. Comparison of the subsidiary model [eq. (25)] and experimen-

tal [Figure 2(a) of Miller et al.12) TMP profiles in the microfiltration of a

soybean-oil suspension. Values of experimental and model parameters are

provided in Tables (I–III). Permeate flux 5 55 LMH (L/m2/h). [Color fig-

ure can be viewed in the online issue, which is available at wileyonlineli-

brary.com.]

Figure 2. Predicted cake buildup [eq. (11)] for the experiments of Miller

et al.12 in the microfiltration of a soybean-oil suspension. Values of exper-

imental and model parameters are provided in Tables I–III. Permeate

flux 5 55 LMH (L/m2/h). [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]

Table III. Parameter Values of the Subsidiary Model [eq. (25)] and RMS Deviations Between Theory and Experiment for the TMP Data Shown in Figure

2(a) of Miller et al.12

Parameter Unmodified (PS-20) PDA-modified (PS-20) PDA-g-PEG-modified (PS-20)

Rm (m21) 4.45 3 1011 5.73 3 1011 7.03 3 1011

S (s21) 4.2 3 1023 8.5 3 1023 5.7 3 1023

a0 (m/kg) 9.07 3 1013 2.53 3 1014 4.23 3 1014

n 0 0 0

RMS deviation (%) 2.9 5.8 6.8
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along with RMS deviations between theory and experiment, are

gathered together in Table III for all three membranes.

Miller et al.12 attributed the higher TMP of the modified mem-

branes (compared to the unmodified membrane) to increased

mass-transfer resistance due to the surface treatment of these

membranes. However, in our opinion, surface treatment can

only explain the higher (initial) resistance of these membranes

(see Table III), which will be manifested in an increased Dpm at

the beginning of filtration (Figure 1). The subsequent increase

in the TMP with process time for all the membranes is attrib-

uted to cake formation in our model [see eq. (25)], while the

differences in the rate of TMP increase for the three membranes

are due to differences in the value of a0. Table III indicates that

the values of Rm for the PDA-modified and PDA-g-PEG-modi-

fied membranes are 29 and 58% higher, while values of a0 for

these membranes are 179 and 367% greater, respectively, com-

pared to the corresponding values for the unmodified (PS-20)

membrane. This partially explains the high TMP of the PDA-g-

PEG-modified membrane, the intermediate TMP of the PDA-

modified membrane and the low TMP of the unmodified (PS-

20) membrane. Figure 2 exhibits the theoretical, age-averaged

cake-mass profile [calculated from eq. (11)] for the three mem-

branes. All the curves in this figure start from a value of zero

and, with the progress of filtration, approach the corresponding

steady-state values reported earlier. Although the axial velocity

of the feed suspension was maintained at the same level

(0.18 m/s) in the experimental runs of Miller et al.,12 it is

observed from Table III that the values of the surface-renewal

rate S, which depend upon the prevailing hydrodynamic condi-

tions near the membrane surface, are different for the three

membranes. These differences may be speculated as being due

to differences in membrane surface roughness among the three

membranes since the roughness will have an effect on the

micro-scale hydrodynamics. However, no definite conclusion

can be drawn because of the large variance of the permeance

about its mean value for all three membranes as can be seen

from Table I. We attempted to fit the TMP data by changing

the permeance within its variance for all three membranes and

were able to fit them with values of S that were more uniform,

but with somewhat larger RMS errors. The greater the value of

S, the flatter is the TMP profile and smaller is the cake accumu-

lation on the membrane. As can be seen from Table III and Fig-

ure 2, the trend of variation of S among the membranes

corresponds to the trend of variation of the cake mass deposited

on the membrane surface.

The results discussed so far concerned the performance of

membranes which had different pure-water permeances. To

compare membrane performance on an equivalent basis,

Miller et al.12 performed experimental runs with PS-10 and

PDA75-modified (PS-20) membranes. These membranes had a

pure-water permeance of 570 LMH bar21, which was the same

Figure 3. Comparison of the subsidiary model [eq. (25)] and experimen-

tal (Figure 6 of Miller et al.12) TMP profiles in the microfiltration of a

soybean-oil suspension. Values of experimental and model parameters are

provided in Tables I, II, and IV. Permeate flux 5 55 LMH (L/m2/h). (a)

Comparison of the subsidiary model [eq. (25)] and experimental (Figure

6 of Miller et al.12) TMP profiles in the microfiltration of a soybean-oil

suspension — expanded scale. Values of experimental and model parame-

ters are provided in Tables I, II and IV. Permeate flux 5 55 LMH (L/m2/

h). [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Table IV. Parameter Values of the Subsidiary Model [eq. (25)] and RMS Deviations Between Theory and Experiment for the TMP Data Shown in Figure

6 of Miller et al.12

Parameter Unmodified (PS-10) PDA75-modified (PS-20) PDA-g-PEG-modified (PS-20)

Rm (m21) 7.03 3 1011 7.03 3 1011 7.03 3 1011

S (s21) 1.8 3 1023 4.8 3 1023 5.6 3 1023

a0 (m/kg) 5.17 3 1014 4.1 3 1014 4.34 3 1014

n 0 0 0

RMS deviation (%) 3.3 12 6.3
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as that of the PDA-g-PEG-modified (PS-20) membrane.

Figure 3 shows the experimental TMP data (extracted from

Figure 6 of Miller et al.12) for these membranes at a permeate

flux of 55 LMH with all other experimental conditions, as

described earlier, remaining the same. It is also observed in

this figure that there is a fairly good fit of the subsidiary

model to the convex-type experimental TMP profile for the

unmodified membrane but substantial errors result in case of

the modified membranes as can be seen from the RMS devia-

tions in Table IV, which also reports values of the model

parameters. This can be seen more clearly in Figure 3(a),

which shows part of the data of Figure 3 in expanded scale.

The subsidiary model [eq. (25)] is unable to quite capture the

initially convex and subsequent slow rise of the experimental

TMP for the modified membranes. Also, in contrast to Figure

1, it is the unmodified PS-10 membrane that has a much

higher TMP compared to the surface-modified membranes,

whose TMP curves are very close to one another and much flat-

ter. The superior performance of the modified membranes can be

attributed, as indicated by Miller et al.,12 to the beneficial effects

of hydrophilicity and steric hindrance that retard and counteract

the accumulation of solids on the membrane surface, which are

driven to it by the flow of liquid. Such effects are manifested in a

lower value of a0 for a surface-modified membrane. Thus, values

of this parameter are 5.17 3 1014, 4.1 3 1014, and 4.34 3 1014

m/kg for the unmodified PS-10, PDA75-modified (PS-20), and

PDA-g-PEG-modified (PS-20) membranes, respectively (Table

IV). Figure 4 compares the theoretical cake-mass buildup on the

membrane surface for the three membranes. In contrast to Figure

2, the order of the cake-mass buildup curves in this figure follow

the order of the corresponding theoretical TMP curves in Figure

3, with the modified membranes accumulating significantly lesser

amounts of cake compared to the unmodified membrane due to

their higher surface-renewal rates (Table IV).

The average RMS error of the fit of the subsidiary model to

the experimental TMP data of Miller et al.,12 shown in Figures

1 and 3, is 6.2%. The inferior fit of this model to the data in

case of the modified membranes compared to that for the

unmodified membrane can be postulated to arise from hydro-

philicity, steric hindrance and other surface (e.g., electrochemi-

cal) effects that result from modifying the surface of the

membrane, which are not explicitly accounted for in the

surface-renewal model. Miller et al.12 also reported TMP data

at higher permeate fluxes of 70 and 85 LMH [see Figure 2(b,c)

in their article] when cake-compressibility effects are expected to

become important. At a flux of 70 LMH, the experimental TMP

curves for the PDA-modified and PDA-g-PEG modified mem-

branes still exhibited convex-type behavior. However, the TMP

curve for the unmodified (PS-20) membrane was initially convex

shaped until a certain value of the V/A ratio after which it

became concave and rose rapidly, i.e., an inflection point can be

clearly observed in the experimental TMP curve. At a flux of 85

LMH, the TMP curves for all three membranes exhibited this lat-

ter type of behavior with crisscrossing of the curves. According

to Miller et al.,12 this behavior occurs when the threshold flux of

the membrane is crossed, which brings about the onset of intense

fouling. We were unsuccessful in accounting for this complex

TMP behavior with the surface-renewal model developed in this

study.

Ho and Zydney10 studied the microfiltration of BSA solutions in

a 25-mm diameter stirred ultrafiltration cell using polycarbonate

track-etched (PCTE) membranes with two different values of

porosity (3 and 10%). The concentration of BSA in the feed

solution was 2 kg/m3. Assuming gentle stirring (i.e., S ! 0) and

an experimental temperature (not reported in their work) of

25�C, we attempted to fit their experimental TMP versus process

time data with eq. (16) of the complete model. Figure 5 shows

model comparisons with their experimental TMP profiles for a

PCTE membrane (porosity of 10%) for three different permeate

fluxes. The experimental TMP builds up slowly at first after

which there is a rapid increase due to cake buildup on the mem-

brane surface. The model is able to capture the concave shape of

the experimental TMP profile, which shows a very marked

Figure 4. Predicted cake buildup [eq. (11)] for the experiments of Miller

et al.12 in the microfiltration of a soybean-oil suspension. Values of exper-

imental and model parameters are provided in Tables I, II, and IV. Perme-

ate flux 5 55 LMH (L/m2/h). [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]

Figure 5. Comparison of the complete model [eq. (16)] and experimental

(Figure 1 of Ho and Zydney10) TMP profiles in the microfiltration of a

BSA solution with a PCTE membrane. Values of model parameters are

provided in Table V. Feed concentration 5 2 kg/m3. [Color figure can be

viewed in the online issue, which is available at wileyonlinelibrary.com.]
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sensitivity to the level of the imposed permeate flux as antici-

pated earlier in the theoretical section. Values of the three model

parameters (Rm, a0, and n) are reported in Table V along with

the RMS error, whose average value is 11.5%. The value of Rm

varies somewhat between the membranes with an average value

of 3.4 3 1010/m. Since a separate clean membrane was used by

Ho and Zydney10 for each experiment, the variability in Rm can

be attributed to variability in the surface characteristics of the

individual PCTE membrane sheets. The individual values of a0

are of the same order of magnitude with an average value of

1.91 3 109 m/kg, whereas the values of n are quite consistent

with an average value of 0.66. These are significantly different

from the values of a0 5 1.7 6 0.02 3 1012 m/kg and

n 5 0.78 6 0.01 obtained by Ho and Zydney10 by fitting their

five-parameter numerical model to these same data. These five

parameters are as follows: membrane resistance (whose values

they did not report), resistance of a single protein aggregate,

pore-blockage parameter, and the two compressibility parameters

(a0 and n). Through independent measurements (see below),

they estimated values of a0 and n to be 3 3 1012 m/kg and 0.82,

respectively, which compare well with their values given

previously.

The following explanation is offered to account for the discrep-

ancy between the values of the compressibility parameters (a0

and n) reported by Ho and Zydney10 and those obtained in this

article by fitting the surface-renewal model to their TMP data.

Using the resistance-in-series model of constant pressure micro-

filtration, Ho and Zydney16 calculated the specific cake resist-

ance a from the following two equations:

Jlim5
Dp

lRtot

(31)

with

Rtot5Rm1amp (32)

Here, mp is the (steady-state) mass of the protein (i.e., cake)

layer deposit per unit area of the membrane surface, whereas

Rtot is the total resistance (membrane plus cake). By measuring

the steady-state saline flux, through a heavily fouled membrane,

and the difference in weights of the clean and fouled membrane

(for estimating mp), Ho and Zydney16 calculated values of a at

different TMP values from eqs. (31) and (32) after which a0

and n were determined by plotting eq. (3) on logarithmic coor-

dinates. It is to be noted that, according to eq. (31), the steady-

state permeate flux is directly proportional to Dp=Rtot. However,

according to the constant pressure, surface-renewal model of

microfiltration (Hasan et al.8):

Jlim5

ffiffiffiffiffiffiffiffiffiffiffiffi
pSDp

2lcba

s
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pSDp12n

2lcba0

s
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pS

2lcba0
n

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dp

a0

� �12n
s

(33)

Thus, according to eq. (33), the limiting permeate flux is propor-

tional to
ffiffiffiffiffiffiffiffiffiffiffi
Dp=a

p
[assuming all other parameters in eq. (33) to

remain constant]. Values of a0 can now be guessed and the experi-

mental values of ln J 2
lim plotted against ln Dp=a0ð Þ. That value of a0

that yields a straight line on this plot is the correct value of a0,

with the slope of the line being equal to 1 – n. As is evident, the

theoretical framework of the surface-renewal model is radically dif-

ferent from that of the resistance-in-series model, which may

explain the discrepancy between the values of a0 and n obtained

Figure 6. Predicted cake buildup [eq. (19)] for the experiments of Ho

and Zydney10 in the microfiltration of a BSA solution with a PCTE mem-

brane. Feed concentration 5 2 kg/m3. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.com.]

Table V. Parameter Values of the Complete Model [eq. (16)] and RMS Deviations Between Theory and Experiment for the TMP Data Shown in Figure

1 of Ho and Zydney10

Parameter J 5 0.7 3 1024 (m/s) J 5 1.1 3 1024 (m/s) J 5 1.5 3 1024 (m/s)

Rm (m21) 2.84 3 1010 3.47 3 1010 3.89 3 1010

a0 (m/kg) 2.26 3 109 1.90 3 109 1.57 3 109

n 0.67 0.65 0.65

RMS deviation (%) 16.8 9.6 8.1

Figure 7. Comparison of the complete model [eq. (16)] and experimental

(Figure 2 of Ho and Zydney10) TMP profiles in the microfiltration of a

BSA solution with PCTE-L and PCTE membranes. Values of model

parameters are provided in Table VI. Feed concentration 5 2 kg/m3 and

permeate flux 5 1.3 3 1024 m/s. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.com.]
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in this work and those reported by Ho and Zydney.10 Thus,

these values are not absolute quantities but depend upon the

theoretical framework used to analyze the experimental data.

The theoretical cake-mass buildup as a function of process or

filtration time [calculated from eq. (19)] corresponding to the

three permeate fluxes in Figure 5 is shown in Figure 6. The

buildup occurs in a linear fashion and the higher the permeate

flux, the greater is its magnitude at a specified value of the

process time.

Figure 7 compares the complete model with experimental TMP

profiles of PCTE and PCTE-L (porosity of 3%) membranes at an

imposed permeate flux of 1.3 3 1024 m/s. Table VI reports

the values of the model parameters and RMS errors (average

RMS error 5 10.9%). The values of a0 and n for the PCTE

membrane are 4.2 3 108 m/kg and 0.76, respectively, which

are appreciably different from the (average) values of 1.91 3

109 m/kg and 0.66 estimated earlier for this type of membrane.

To understand the reason for this discrepancy, all the experi-

mental TMP data of Ho and Zydney10 are plotted together in

Figure 8. The experimental TMP profiles for the permeate

fluxes of 1.1 3 1024 and 1.3 3 1024 m/s virtually coincide for

the first 25 min of filtration after which they diverge from one

another. After this point in time, the TMP profile for the flux

of 1.3 3 1024 m/s rises in a more or less parallel fashion to

that for the flux of 1.5 3 1024 m/s. It can be conjectured that

this behavior is due to variability of the individual PCTE

membrane sheets and/or some inconsistency in the experimen-

tal procedure.

Figure 9 shows the linear growth of the mass of cake with filtra-

tion time on the surface of the membrane (PCTE and PCTE-L)

for the permeate flux of 1.3 3 1024 m/s.

The theoretical TMP curves of Ho and Zydney10 shown in Fig-

ures 1 and 2 of their article exhibit convex regions superim-

posed on the overall concave shape of the TMP profiles at

intermediate to large values of the process time, which cannot

be discerned in their experimental TMP data.

Figure 8. Experimental TMP profiles (Figs. 1 and 2 of Ho and Zydney10)

in the microfiltration of a BSA solution with PCTE membranes. Feed

concentration 5 2 kg/m3. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]

Table VI. Parameter Values of the Complete Model [eq. (16)] and RMS

Deviations Between Theory and Experiment for the TMP Data Shown in

Figure 2 of Ho and Zydney10

Parameter PCTE-L PCTE

Rm (m21) 1.71 3 1011 4.37 3 1010

a0 (m/kg) 1.12 3 1010 4.20 3 108

n 0.57 0.76

RMS deviation (%) 7.6 14.1

Figure 9. Predicted cake buildup [eq. (19)] for the experiments of Ho

and Zydney10 in the microfiltration of a BSA solution with PCTE-L and

PCTE membranes. Feed concentration 5 2 kg/m3 and permeate flux 5 1.3

3 1024 m/s. [Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 10. Comparison of the complete model [eq. (16)] and experimental

(Figure 5 of Kovalsky et al.11) TMP profiles in the microfiltration of a yeast

suspension at pH 2.7. Values of model parameters are provided in Table

VII. Feed concentration 5 10 kg/m3 and LMH 5 L/m2/h. [Color figure can

be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table VII. Parameter Values of the Complete Model [eq. (16)] and RMS

Deviations Between Theory and Experiment for the TMP Data Shown in

Figure 5 of Kovalsky et al.11

Parameter 30 LMH 40 LMH 50 LMH

Rm (m21) 1.63 3 1012 1.17 3 1012 1.02 3 1012

a0 (m/kg) 1.18 3 109 9.10 3 109 5.92 3 109

n 0.75 0.58 0.62

RMS
deviation (%)

10.5 8.8 8.4

LMH 5 L/m2/h.
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Finally, Figure 10 compares the complete model [eq. (16)]

against the experimental TMP data of Kovalsky et al.11 for fil-

tration of a 10 kg/m3 yeast suspension in a stirred cell (filtra-

tion area 5 19.6 cm2; stirring speed 5 5 RPM) for three

different values of the imposed permeate flux. A temperature

of 25�C was assumed in the theoretical calculations. Once again

it is seen that the model, whose parameters are reported in

Table VII, is able to capture the concave shape of the experi-

mental TMP profile fairly (average RMS error 5 9.2%; see Table

VII). The discrepancy between model and experiment near the

end of an experimental run can be attributed to creep and con-

solidation effects, which were considered in the numerical

model of Kovalsky et al.11

The linear growth in the mass of cake with filtration time is

shown in Figure 11.

CONCLUSIONS

This article presented a mathematical model of constant flux

CFMF by combining classical cake-filtration theory with the

surface-renewal concept. The model can predict the TMP devel-

opment and cake buildup on the membrane surface with filtra-

tion time. The basic parameters of the model are the membrane

resistance, specific cake resistance, and rate of surface renewal.

There are two versions of the surface-renewal model: the com-

plete model, which accounts for cake compressibility; and a sub-

sidiary model which can be derived from the complete model

when the cake is incompressible. The subsidiary model was corre-

lated against some of the experimental TMP data recently

reported by Miller et al.12 for constant flux CFMF of a soybean-

oil emulsion in a cross-flow filtration cell having unmodified and

surface-modified, fouling-resistant membranes. Although the

average RMS error of the fit was 6.2%, the quality of the fit was

much better for the unmodified membrane. The complete model

was fitted to the constant flux, stirred-cell, BSA microfiltration

TMP data of Ho and Zydney10 and also to the TMP data of

Kovalsky et al.11 for yeast filtration in a stirred cell. The average

RMS errors of the fit were 11.5 and 9.2%, respectively.

The essence of the surface-renewal model is its ability to explic-

itly account for flow instabilities generated at the membrane

surface (due to membrane roughness, presence of spacers, etc.)

through the hydrodynamic parameter S, which is in contrast to

the other models of membrane filtration (e.g., the film,

boundary-layer or resistance models). As demonstrated in this

work, the model has the ability to correlate convex- and

concave-shaped experimental TMP profiles but may not be suit-

able for representing more complex TMP behavior. Unlike the

CFMF models of Ho and Zydney10 and Kovalsky et al.,11 the

surface-renewal model provides explicit, analytical expressions

for the TMP and cake-mass buildup on the membrane surface

as a function of filtration time. For future work, it is suggested

that the model be rigorously tested for its ability to predict the

influence of feed concentration and axial liquid velocity on the

TMP and also be extended to account for the effects of hydro-

philicity, steric hindrance, and so on, that result from the sur-

face modification of membranes. Incorporating the phenomena

of pore blocking and cake consolidation into the model would

make it more widely applicable.
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NOMENCLATURE

A filtration area of membrane (cm2 or m2)

cb mass of solids deposited in the filter per unit volume

of filtrate (approximately equal to the concentration

of solids in the feed or bulk liquid) (kg/m3)

f(t, tp) age-distribution function of liquid elements at the

membrane wall (s21)

J constant permeate flux (m/s)

Kr defined by eq. (2) (kg/m/s3)

m positive integer (1, 2, 3, . . .)
mc mass of cake in a liquid element per unit area of the

membrane surface at time t (kg/m2)

mc;a age-averaged mass of cake per unit area of the mem-

brane surface at process time tp (kg/m2)

mc;lim limiting or steady-state mass of cake per unit area of

the membrane surface (kg/m2)

mp steady-state mass of protein layer deposit per unit

area of the membrane surface (kg/m2)

n compressibility coefficient of the cake

p defined by eq. (13)

P Pure-water permeance of the membrane (L/m2/h/bar

or m2 s/kg)

Rm hydraulic resistance of the membrane (m21)

Rtot total resistance (membrane plus cake) defined by eq.

(32) (m21)

S rate of renewal of liquid elements at the membrane

surface (s21)

t residence time of a liquid element at the membrane

surface (s)

tp filtration or process time (s)

V cumulative or total volume of permeate at process

time tp (m3)

x parameter of C(x, y)

y parameter of C(x, y)

Figure 11. Predicted cake buildup [eq. (19)] for the experiments of Koval-

sky et al.11 in the microfiltration of a yeast suspension at pH 2.7. Feed

concentration 5 10 kg/m3 and LMH 5 L/m22/h. [Color figure can be

viewed in the online issue, which is available at wileyonlinelibrary.com.]
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GREEK SYMBOLS

a specific cake resistance (m/kg)

a0 compressibility parameter of the cake (or specific cake

resistance per unit transmembrane pressure drop (m/

kg)

C(x, y) extended Euler gamma function; defined by eq. (12)

Dp (total) transmembrane pressure drop in a surface ele-

ment at time t [eq. (4)] (Pa)

Dpa age-averaged (total) transmembrane pressure drop at

process time tp (Pa)

Dpc pressure drop across the cake in a surface element at

time t (Pa)

Dpc,a age-averaged pressure drop across the cake at process

time tp [eq. (7)] (Pa)

Dplim limiting or steady-state (total) transmembrane pres-

sure drop (Pa)

Dpm pressure drop across the membrane (Pa)

k variable of integration in eq. (12)

l viscosity of the permeate (kg/m/s)
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